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Serial Chain: DeNOC-Based

A Decomposition of the Manipulator Inertia Matrix

- Subir Kumar Szha Waist (Jomt 1)

6: Upper arm :
> Shoulder (Joint 2)

Abstract—A decomposition of the manipulator inertia matrix is es-
sential, for example, in forward dynamics, where the joint accelerations
are solved from the dynamical equations of motion. To do this, unlike a
numerical algorithm, an analytical approach is suggested in this paper.
The approach is based on the syvinbolic Gaussian elimination of the inertia Shoulder
matrix that reveal recursive relations among the elements of the resulting
matrices. As a result, the decomposition can be done with the complexity
of order n, O n }—n being the degrees of freedom of the manipulator—,
as opposed to an (Y n” ) scheme, required in the numerical approach. In
turn, {») inverse and forward dynamics algorithms can be developed.
As an illustration, an O} forward dynamics algorithm is presented.

Elbow

(Joint 3)

Index Terms— Articulated-body inertin, Kalman filtering, reverse
Gaussian elimination (RGE), serial manipulator, symbolic decomposition.

[. INTRODUCTION
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Wrist rotation
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inertia matrix (GIM) arises from the robot’s dynamic equations of
motion. The decomposition of the GIM is required, for example,

Flange (Joint 6)

|

o o | l

The inertia matrix of a robotic manipulator or the generalized Trunk —» !
|

|
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Inverse vs. Forward Dynamics

Inverse Dynamics

h Find joint torques/forces for h

given joint motions and end-
effector moment/force

Forward Dynamics

q Find end-effector motion for "

known joint torques/forces

13



Simple System

Actually

| X R
Force, f | |

J1 Mass, m|

N N N 0
Y,

Newton’s 2" law: T = MX > Modelling
Given m, X ; Find f

: - Inverse dynamics
Given M, f: Find X = —

- Forward dynamics

m
X = I Xdt; x= _f Xdts Integrations

14



Methods

o Newton-Euler (NE)

Euler’s: Liw; + w; % Liw; = n; 1 .
Newton’s: MV = f:‘ |:>M'?'t?' + Mftt‘ = W
o Euler-Lagrange (EL)
V; (velocity)
d oL, oL ,
( . ) —— =T . o
dt 00" 00 i
{ang. vel)

Kane’s, Hamilton’s ...

o Orthogonal
Complement based,

e.g., Decoupled Natural
Orthogonal Complement
(DeNOC)

O

i'ﬂ?- . IMAass

I :inerna
tensor




DeNOC for Simple System

Force, fe

j 4
\‘ Mags, m|

/ T
Reaction, T
i | Note that

i

Free-body dlagrani [i]T fc _
Newton’s 2™ law: f_ +f_ = mC o _
Velocity constraint: C = [i])_'( [1]" T.[J]1=0
Natural Orthogonal Complement: [1]

Constrained motion (Euler-Lagrange):
[i]' (f,+f.) = [i(]' mE= f =mX

16




Uncoupled NE Equations

HJ

7l

Composite

body i

M = diag[M,,---.M,]
E=[t 6,7
M = diag[M;, - - -, M,]

t= [t'llr‘.- o “.-tg]T

w=[w, . owl]’

L |

*The 6n uncoupled equations of motion

Mi.;+1"l:’lt=w

17




Velocity Constraints: DeNOC Matrices

Mf:wj+ﬂt‘Ei
Vi=V;+w; xr; +w; xd;

4

ti = Byjt; + pib;

Bi;Bji: = B
B =1, and Bf_j' = B

B;;: the 6n x 6n twist-propagation matrix

p;: the 6n-dimensional joint-rate propagation vector or twist generdtor




Definition: DeNOC Matrices

t=[tf, 60" 0= ['-’;'n“ufjn]T

A ¥ &

t = N@. where N = N;N,

- 1 0O --- 0O- ‘pr 0 - 07
By 1 - O 0 ps --- 0
N; = : : . : anl Na= 1| . . :
B, B --- 1. 0 0 - p,.

* N=N,N,: the 6n x n Decoupled Natural Orthogonal Complement




Coupled Equations

NT(Mt + Mt) = NT(w" + w®) - tTwC — 6 NTwC — 0.

a

NT(Mt + Mt) = NTw"

— . I=NTMN = NITMNy
18 + CH = 7| c=N"(MN4+NMN)=NIM'N,

r=N'w = NIwlW.

* n coupled Euler-Lagrange equations

- no partial differentiation 20




Recursive Expressions

e For the n x n GIM, each element
Ijj = I;; = pI M;By;p;

!1\-/[,- = M; + B;-T+,,,,-1\./I.-+|B,-+1,,- where M, =M, |

e For the n x n MCI, each element

Ci; = P?(]%};Mjwi + l?';ra-l,ililjﬂ,j +Mj)p; if i Smn+| = I:I,H_] n=0
p,T(M,B,JWJ + ng + M.-)pj otherwise

* For the n x n generalized forces

T = p?ﬁ":‘r ﬁr}r —wW L BT wl

21




Recursive Inverse Dynamics Algorithm

Yn = Man + WnMnan
Yn—l = Mn—an—l + Wn—an—la‘n—l T B1r; n—1Yn

V. =MB, + WM, e, + leyZ />

+B,,p, + B,

B, =p,0, +Q.p,0

+ Bn,n—1l3n—1 + Bn,n—lanz—?l
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Recursive Forward Dynamics
& Simulation
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p=1-C0 i = Ti [Ty
» o=U"TF
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Tree-type and Closed Systems
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Intra-modular Constraints (Inside the module)

. th qe (’ok
Twist of the k™ link t, = { }
O,
8 t, termsof {, t, = Ak,k—ltk—l + pkek

Inter-modular Constraints (Between the modules)
Module twist and module joint rate

t, 6,
t=t |and 0 = 6,
_tn_ _977_

Module M; and Mg

26



DeNOC Matrices

For (s +1) modules generalized twist T and rate

o I == --=+ Modules
%, %
t 0,
t=| . [,andqg=|
i \
Substituing t,fori=1, ..., S 1 65 " Detail iside
- > the module
t=N,N,q, @
_ - o
_10 B 'N, O's ]
’f‘l,o _11 B O's Nl
N =|A A L Ny = N
AS,O As,l As,s—l Is_ - O Ns_

and Aj,i =0, if M, gy,

N, and N, are the desired DeNOC matrices written in terms of module imformation .




Dynamics using DeNOC matrices

NE equations for entire system S o

Mt + QMEt = w, where w=w" +w" +w®, @ ‘
O O
Upon pre-multiplication ‘ “
O O

NINT (M3 OME ) = NINT (WE +wF), where NIN/wC® =0

Equation can be written as, 1§+Ca=1 +1"

Generalized inertia matrix (GIM) I =N"MN

Matrix of Convective inertia (MCI) C=N"(MN + WMEN)
Generalized external force T=N'w"

Generalized force other than driving T =N'w"

e.o. Link oround interaction o
(e.g Link g ) and  N=NN, N




Dynamics using the DeNOC Matrices

velocities Independent
t (oand v) coordinate 6

Newton-Euler Minimal-order

Equations of Equations of
motion motion

o Eliminate constraint forces and moments from the NE equations.

o Analytical expressions of vector and matrices, Decomposition inertia
Matrix, Recursive algorithms, Dynamics model simplifications, etc.

29




Inter- and intra- modular recursive

Forward dynamics
Joint torques (7,), 'I'IW@‘PQ_'@ t\l‘d rfiojignpfoyayafiqns ST\L ; and N;) , wrench

due to foot-ground interaction (w! % and initial conditions g, and ﬁi

\]Olnt Muouurs \U:., Lli, L.ll} y HITIUA pararricier s \IVIi) y LVWVISL allu 111ivuvl T uruuauariuriy

Inter-modular =, — : . Intra-modular
R d i) , and wrench due to feractlon w,

t.=A t, . +pb, r=1
i1 i k.ﬂﬁ(Jé) Jll
_ — = =P 9, >
I[< -module t =A, ;t, +N,6, — et , odular
o ' | — —
a L= s e kK=1:17",t =Acstsg +Acstsg +Qp0;, r=1
2 < t=A,, T, +A, T, N, Hoyti /?/3.1 j iPiYj
4 Lo Tt =A, =Qp;0;, r>1
i = 1E| Wi =Mviti +QME; ! "V”Vj =0, r<g,
c T T .NGBa T =Mt +QMEL, r=¢
° 5 t =R ,t, +N;6, : ) S k
g'g < . T . t; =A t. +A ptn,j)g+ijj9j+pj9j, r=1
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Multiple-DOF

Computational Counts

Inverse Dvnamics

All 1-DOF joints
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5 T T 5
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0 - = = T = = T

0 5 10 15 20 25 30

Total number of joints
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Computational Counts

Forward Dyvnamics

All 1-DOF joints
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J ’
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:. ,f
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4000 -
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e
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x 10" 1-, 2- and 3-DOF joints
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.: . I,
N /‘, -~
1.5 N S
/ el
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K Proposed
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Intelligent Systems, Control and Automation:
Science and Engineering

Suril Vijaykumar Shah
Subir Kumar Saha
Jayanta Kumar Dutt

Dynamics of Tree-
Type Robotic

Systems

@ Springer

2013
¥10,000

O

O

1)

This book addresses dynamic
modelling methodology and
simulation of tree-type robotic
systems.

Such analyses are required to
visualize the motion of a system
without really building it.

Novel treatment of tree-type robots
using
Kinematic modules;

2) Decoupled Natural Orthogonal

Complements (DeNOC)

Unified representation of the
multiple-degrees-of freedom-joints

Efficient Recursive Dynamics
Algorithms
Examples: Biped, Quadrup32ed.

Hexapod, etc.




ReDySim?

0 Recursive Dynamic Simulator is Free

or

o It has three modules
1. Open- and closed-loop multi-body systems
2. Free-floating system
3. Legged robot with ground interactions

33
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A Robotic Gripper (

y (m)

-----------------------------------

-----

'
'
------------------------------------------------------------------------
' '

-0.1 1

'
'
........................................................................
' '

-0.15

'
------------------------------------------------------------------------
'

! ! ! i i i ' 34

-0.2 : : : ; ; ; ;
02 015 -01  -005 i

x (m)
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New Application: Chains and Ropes

0.06 0.06
M; Torsior _ e N R B L
spring e 2 k 0 E_ ' k
1----1------r------i— ------------------
E = i
= E gl ;
’ M = :
Detail of the _1_.__.,______r______5_ _________________
module M; :
—2""1"""r"""i‘ -----------------
> 4 0 1 2
X (m)
0.06 0.06
2 '"1"""T"""r""""""'i"" 2 ___________________________________
1 ==a1=====-= T====== Fe=====5====== -é-'" 1 [==1=====°<= F====== e b ===
5 I:I [--1=-=-=--= T=-=-"==" E E I:I [-—~1===-==-- r-=-=-=-=- { i et b B
M E L E
1 '"1"""T"""r""""""'i"" —1 ""I"""r"""r""""""'i""
2 '"1"""T"""r""""""'i"" —2""'I"'"'r"""r""""""'i""
t 37
-2 1 1] 1 2 2 1 0 1 2
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Four-bar mechanism ( )
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Closed-loop systems

0.044837

0.2 - -o-mmmmmmmmm b

D1 o mmmmmmmmmmmmem sk
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0.5

0.4

NS
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Recursive Dynamics for Closed-loops

(Without Cut-method) Courtesy: Prof. Shimizu

Enq Effector

. composite

. bodyi

) Khan (2005):

40
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Solve for Unactuated Joint-rates

t.=t,— A,pb;

. 1 »
t,=pO = gplﬁlrte
|

: |
t, = Ayt + p0, = WAt + gpzﬁgt;

t,= Ak.k—ltk—l o r pkéks 1.6., ‘I’k =1

. b o
teot = Agprate + POt = Wi A it + —PrarPisit.

k+1

. |
tm ™ Am.m—ltm—l T pmem = ‘I’mAm.m—ltm—l + 6_pmf)17r;te

DeNOC:  t= NEN@
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Use in MuDRA

o Multibody Dynamics for Rural
Applications (MuDRA)

m Pose rural mechanisms as research
problems

= Use of modern tools, e.g., Multibody Dyn.
= Use of modern software
= Able to publish

0 Benefits of MuUDRA

= Establishing a culture
= Rural problems may get solved

42




Carpet Cleaning: Traditional

? ."\

AN
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Carpet Scrapping Machine

o Purpose: To reduce human effort

o Straight line generating machine
X A 2554

Path of coupler
point C

WG Yo hth of point T
SISE 20101% of poin
145249 \ Not on scale
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Tree-types: Double Recursion

Subsystem | Subsystem 11

» Unknowns: 6+3 & EQs. 2+1

» Unsolvable independently
(Indeterminate subsystems)

Subsystem 1l

* Unknowns: 4 & Egs.: 4

« Solvable independently
(determinate subsystem)
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e Preface

ube e ade

This book has evolved from the
passionate desire of the
authors in using the modern

concepts of multibody
dynamics for the design
improvement of the

machineries used in the rural
sectors of India and The
World. In this connection, the
' first author took up his
doctoral research in 2003

2009 whose findings have resulted

¥0.000 in this book. .... (contd.)
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Conclusions

0 DeNOC for serial-chain systems
0 RoboAnalyzer

0 Tree-type and Closed-loop
systems

o Use in MuDRA
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